40. 


TABLES OF THE GENERATING FUNCTIONS AND GROUND- 
FORMS FOR SIMULTANEOUS BINARY QUANTICS OF THE 
FIRST FOUR ORDERS, TAKEN TWO AND TWO TOGETHER. 


[American Journal of Mathematics, τι. (1879), pp. 293—306, 324—329.] 


IN the Generating Functions given below, the exponents of the letters 
a, b, c, d, refer to degree in the coefficients of the quantics of the Ist, 2nd, 3rd 
and 4th orders respectively; the exponents of the letter æ to order in the 
variables. Where the system consists of two quantics of the same order, 
the Latin letter and the corresponding Greek letter have been used. In the 


tabulated numerators, the minus sign has been placed over the number which 
it affects. 


In each of the systems considered in this paper, with the exception of 
that consisting of a cubic and a quartic, it is found that there is never more 
than one groundform of any given type (that is, of a given order in the 
variables and given degrees in the coefficients of the quantics); where, 
therefore, in the enumeration of the groundforms, the £ype alone is given, the 
number of groundforms of the type is to be understood to be 1. The symbol 
(A, μ) is used to indicate a form of the degrees X and p in the coefficients of 
the two quantics, the number placed first always relating to the quantic of 
lower order, when the orders are different. In the last three cases, the 
numbers, as well as the types, of the groundforms are given in tables, which 
require no explanation. 


SYSTEM oF Two LINEARS*, 


1 


G. F. for differentiants, (sy sear 
1 


G. F. for covamants, (1—aa) (1 — az) (1 — az)' 


Groundforms: — 
Of édérQ. i EAS IAL RHET APA πο 
λα wer ημας ο Consect dl os cu (0, 1), (1, 0). 


* “Linear” is here used as a noun, in conformity with the use of the words quadrie, cubic, &c. 
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SYSTEM OF LINEAR AND QUADRIC. 


| 1 -- αὐ 
G. F. for differentiants, (I-a)1—-5)0 αρ) 


1+ aba 
(1-50 — a’) — ae) (1 — be) 


G. F. for covariants, 


Groundforms : 
Of order ο ο ans άν a ως. FE oS RENN ΜΗΝΑ (0, 2), (2, 1). 
c wr OE MENOR AE CIS E Ok Dasha πμ μμ (1,5, (112. 
FANE ως ια ibd Mie gL DENM (0, 1) 


SYSTEM OF LINEAR AND CUBIC. 


: ; 1 -- αἲο + (a — a?) ? (1 — a’) οἳ -- ac* αϑοῦ 
G. F. for differentiants, d üngücsjced-a dos 
G. F. for covariants, reduced form, 
Denominator: (1 — c?) (1 — ac) (1 — &?c) (1 — ax) (1 — cz) (1 — ca). 
Numerator: 1— ac + ae + ((—1--a?)e--(2a αὖ) αἳ -- αἲσὶ æ 
+ {ac + (1 — 243) ? ἠ-(-- a +a) ο) à? + (— ac -- a? ? — αἲ οἳ) a 
G. F. for covariants, representative form, 
Denominator : (1 — ο) (1 — à?c) (1 — a?) (1 — ax) (1 — ea?) (1 — οὐ). 
Numerator : 1 +a? + (a?c + ac? + (a? — αὐ) ο) æ + (ac + (a — a?) οἳ — ac} a? 
+ {1 — αἲ) e — a?c* — a?c) a? + (— ac? — αἲ οὗ) a. 
Groundforms : 


να rtl Us NER A ASO N U Ne ge aR ANS ON T (0, 4), (2, 2), (3, 1), (3, 3). 
E μμ RR (1, 0), (1, 2), (2, 1), (2, 3). 
ΝΤ Wh ΠΤ (0, 9), (1, 1), (1, 8). 
σσ. ΝΑ ΜΕ μα, (0, 1), (0, 3). 


SYSTEM OF LINEAR AND QUARTIC. 


G. F. for differentiants, 
1-4 (a -- a?) d -- (a -- a? — a’) d? --(1 — a? — a*) d* 4- (— a? — αὐ) d* — a5d* 
(1—a)(1—d)(1— d») (1— ὦ) (1 — ed) (1 — atd) i 
G. F. for covariants, reduced form, 
Denominator : (1 — d?) (1 — d?) (1 — œd) (1 — atd) (1 — ax) (1 — da?) (1 — da*). 
Numerator: 1 —a?d + a*d? + fad + (a? — a’) d} a+ |(-- 1 1- αἲ) ἆ 
+ (2a? — α) d? — a*d*] a? + (ad + (a — 2a?) d? + (— à? + a*)d*] a? 
+ {(1 — a?) d? ~= ad} α' + {-- ad? + a*d* — abd} a. 
G. F. for covariants, representative form, 
Denominator: (1 — d?)(1 —d*)(1 -- atd)(1 — ad’) (1 — αω)( 1 — da*)(1 — d?a’). 
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Numerator: 1-4-a*d? 4- (a?d 4- a°d? -- (a*—a7) d?] a + {ad + a*d?+(a‘—a®)d*} a* 
+ (ad + ad? + (a? — a”) d*) a? + ((a* — a*) d* — a*d* — a° d°} at 
+ {(a — a?) d* — abd — abd} αὔ + ((1 — a?) d’ — a*d* — atd’) a* 
+ {— ad? — ατα") a7. 


Groundforms : 
Of órdee ον εδ ο ο (0, 2), (0, 3), (4, 1), (4, 2), (6, 3). 
ο δν ώμο (1, 0), (3, 1), (3, 2), (5, 3). 
"EIE ο ο TET (2, 1), (2, 2), (4, 3). 
"EAE mme TET (1, 1), (1, 2), (3, 3). 
»o y ο (0, 1), (0, 2), (2, 3). 
"νον δολ Ee n EE S (1, 3) 
» ^» θίασον (0, 3) 


ΘΥΘΤΕΜ OF Two QUADRICS. 


i 3 1+b8 
G. F. for differentiants, 1—-05)ü-5»)10-8)0-8) — 8b) . 
1 -- b8a? 


G. F. for covariants, 


(1 — 0?) (1 — 8") (1 — 68) (1 — ba?) (1 — Ba?) 


Groundforms : 
Of order ιών ο ο ο νο A (0, 2), (1, 1), (2, 0). 
n ο. πα σσ μασ ορ ο (0, 1), (1, 0), (1, 1). 


SYSTEM OF QUADRIC AND CUBIC.: 


G. F. for differentiants, 
1+ (2b +b?) ο + (b +b? + ὁ) 2+ οἳ — b5c* + (-- b — b — B®) ο + (— b — 203) ο” — dic’ 
(1—6)(1 — b) (1 —ce) (1 — &) (1 — c9) (1 -- be) (1 — bc?) j 
G. F. for covariants, reduced form, 
Denominator: (1 — b?) (1 — c*) (1 — bc?) (1 — b œ) (1 — ba?) (1 — cx) (1 — ca’). 
Numerator: 1+b%ct+ ((—1-4 ὦ + b?) c+ (b +b) αἳ -- bc) α 
T (b) ος +(— b -- b!) οἳ) ο) + [0ο + (— b — b°) ὁ 
+ (— b? — ὑ) + 03) ο) a? + (— be? — b*c*) at. 
G. F. for covariants, representative form, 
Denominator: (1— 5?) (1 — c!) (1 — be) (1 — be) (1 — ba?) (1 — c2?) (1 — ca’). 
Numerator: 1+ c+ ((b + ὃ) c + (b +b) ο) a+ (b +b + 03) οἳ 
+ (b? — 04) ct — 056] a? + (be + (1 — 0) ο + (-- b — b — b?) ο) a? 


T {(— b — 05) ct + (— b? — ὃ) ο) at + (— be — bc] a. 
Groundforms : K ΜΠ ej l 


CEE BCE I E E ancien (0, 4), (1, 2), (2, 0), (3, 2), (3, 4). 
αμμώνιο (1, 1), (1, 8), (5, 1), (2, 3). 
OR κ he A e ....τ. (0, 2), (1, 0), (1, 2). 

Tg Dee CODO et ee (0, 1), (0, 3), (1, 1). 
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SYSTEM OF QUADRIC AND QUARTIC. 


G. F. for differentiants, 
1 + (b+ b?) d+ (20 — 03) d? + (1 — 203) d? + (— b — 03) d* — b d’ 
(1—5)(1 — b) (1 -- d) (1 — d»? (1 — d») (1 — bd) (Y — bd) 
G. F. for covariants, reduced form, 
Denominator : (1 — b) (1 — d?) (1 — d*) (1 — bd) (1 — Bd) (1 — ba?) (1 — da?) 
(1 — det). 
Numerator: 1— bd + bd + {(—1+64+ 03) d+ (2b — 05) d? — Bd} a? 
+ {bd + (1 — 203) d? + (— b — b? + 03) d*] at 
+ {— bd? + bd? — bd’) as. 
G. F. for covariants, representative form, 
Denominator: (1 — b?) (1 — d?) (1 — ὦ) (1 — bd) (1 — bd?) (1 — ba?) (1 — da*) 
(1 — d?a*). 
Numerator: 1+ bd? 4- ((b + b?) d + (b + b?) d? + (b? — b!) d?) a? + {bd + bd? 
+ (b — 23) ὦ — bidt — bd) α' + (1 — b?) d? + (— b — b°) d* 
+ (— b? — 03) ὦ) a* + (— bd? — b*d9) αἳ 


Groundforms : 
πο UL Ur ESTE A s (0, 2), (0, 3), (2, 0), (2, 1), (2, 2), (3, 3). 
ACRES MEER νά D (1, 0), (1, 1), (1, 2), (2, 1), (2, 9), (2, 3). 
πα ται TTE ae ONE Ies μι να (0, 1), (0, 2), (1, 1), (1, 2), (1, 3) 
ο πο S (0, 3) 


SYSTEM OF Two CUBICS. 


G. F. for differentiants, 

Denominator: (1 — c) (1 — c?) (1 —c*) Cis y)(1 — 3) (1 —39 (1 — cy) 
(1 — ey) (1 — oy). 

Numerator: 1 + ο) + (2ο + 2c? —6—605) y + (2ο + 2c? — ct — 6— οἳ — c)? 
+(1 + 26 — οἳ -- 205 — οἳ — ο) § + (—P -- αἳ — οὗ — εδ) Υ' 
+(—c—c?—2¢—ct+ 28+ c8) y^ H (—e — οἳ — e — οἳ + 2054-207) 
T (— c — e + 2c + 207) y! + (ο + 69) y. 

G. F. for covariants, reduced form, 

Denominator: (1 — ο) (1 — y*) (1 — ey) (1 — ey) (1 — ey?) (1 — οὐ) (1 — c?) 

(1— ya) (1. — ya’). 
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Numerator: 


G. F. for covariants, representative form, 
Denominator : (1 — ct) (1 — 55) (1 -- ey) (1 — ey) (1 — ey) (1 — ca) (1 — ca?) 
(1 — 31a?) (1 — ya"). 
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Numerator : 
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Table of Groundforms*. 


: : Deg. in coeff's of : : Deg. in coeff's of 
d Deg. in 8 ; Order in [| Deg. in H 
oF the 5 coeff 's of Ist cubic, the coett’s of f lst cubic. 
Variables. f 2d cubic. | g 1 2 8 4 Variables | 2d cubic. 


SYSTEM OF CUBIC AND QUARTIC. 


G. F. for differentiants, 


Denominator: (1 -- c) (1 — e) (1—c9 (1 — d) (1 — d? (1 — d) (1 — èd) 
(1 — cid) (1 — èd’) (1 — ctd’). 

Numerator: 1 + c+ (3c + 2c? + 268 + c — 26 — 6 — d) d 
+ (3c + 5c? + 20 + 2ct — 365 — 46 — 2c? — 205 + Ὁ) d? 
+ (1 + 3e 36 + ci — c = 66 — 5c — 4c + 20) d? 
T (— οἳ +e —ct— 26 — ὅσ) — 6c — 365 — ο + 3c? + 2c" + ο) dé 
+ (—2c?—3¢°— 301—860 — 205-- 20 —c8 + 201 + 4c + 8013 + c)g* 
-(-ο--ϑο--4ο'-- 20° +07 4-26 + 26) + 309 + 3c" + 304-20) αὐ 
+ (- cè κ. 9c T 3c + c + 3c + θῶ + 5c? + 919 + cu PA ca + cl) d7 
d (— 2c + 4c + 5c + 6c? + οὐ — c — 3c? 8013... ον) d$ 
+ (— ο + 20 + 28 + 4c + 3c? — 261 — 2c? — 5c? — 8014) d? 
4. (c +e + 9c? — c — 9e? — 9903 — 8014) di? + (- c? — cl) d, 


G. F. for covariants, reduced. form, 
Denominator : (1 — c (1 — d?) (1 — d’) (1 — ed) (1 — ctd) (1 — ed?) (1 — ed?) 
(1 — ca) (1 — ca?) (1 — da?) (1 — dat). 


* 'The forms of ord. 1, deg. 3, 4 and of ord. 1, deg. 4, 3 given by Clebsch and Gordan, do not 
appear in this table, and it has been proved by the author that no fundamental forms of either 
of these types exist. [See page 409, below.] 
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Numerator : 


ἄν | d' |d*|d* |a*|d* |d* | d' | d | d? 


d? 


d? | dt eae id’ |e ud 


1 


------ q—|——|——|———|———|—— [LL———|L—— |——— ILL ff | |—— 
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Numerator—( Continued.) 


α Φιάια ια ια 


-| 


G. F. for covariants, representative form, 


Denominator: (1— ο) (1 — d?) (1 — d») (1 — c*d) (1 — etd?) (1 — ed?) (1 — ctd?) 


(1 — ca?) (1 — ca?) (1 — da*) (1 — d?a*). 
Numerator: 


d |d’ 


dd d |a" d" | d" 


ποπ. eee cue Oe τπτ 


-----ᾱ-------Π---------Π--------Π---------|--------|---------]----------|----------|---------|---------|----------------- 


| ff | O O O O S a 


p | | | FE | | | | | | 


| a | ff ff ef el ----- 
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Numerator—(Continued.) 


d°} d' | αἲ | αἲ | di | αν dd d? d" d^ dide T |d' d* | d" jd" d" 


—— |— | | and Connan | | EE SN SOOS 


8. III, 26 
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Table of Groundforms *. 


Deg. in coeff's of Order in | Deg. in | Pes. in coeff's of | 
quartic. the coeff's of quartic, 


Variables. cubic. Oo; a> oS 14 


Order in Deg. in 
the coeft’s of 
Variables, cubic. GO 1 ολ ma X rv E 


SYSTEM OF Two QUARTICS. 


G. F. for differentiants, 
Denominator: (1 — d) (1— d} (1—d*) (1—8) (1 — δ) (1— &)(1 — d8)(1 — d?8) 


(1 — dà). 

Numerator: 1 + d? + (83d + 3d? — d* — d*) 6 + (3d + 4d? — d? — 3d* —2d5— d°) È? 
+ (1 — d? — 2d* — 3d’ — d!) & + (— d — 3d? — 2d? — d* + d?) & 
+ (— d — 2d? — 3d* — d* + 4d* + 845) 85 + (—d* — d* + 3d°+3d*) δ 
+ (dt + d?) 8. 

G. F. for covariants, biud form, 

Denominator: (1 — d?) (1 — ὦ) (1 — 8?) (1 — &) (1 — dò) (1 — ἆἲδ) (1 — d&) 

(1 — da?)(1 — da*) (1 — 82?) (1 — δα’). 


* The form of ord. 1, deg. 5, 4, and the two forms of ord. 2, deg. 4, 3, given by Gundelfinger, 
do not appear in this table, and it has been proved by the author that no fundamental forms of 


either of these types exist. [See below, p. 409.] 
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Numerator : 


δ: |δ' | δ' | δ' | δ' 


το 
c 
A 


404 Tables of the Generating Functions and Groundforms [40 
G. F. for covariants, representative form, 


Denominator: (1 — d?) (1 — ὦ) (1 — δὲ) (1 — δ) (1 — dè) (1 — ἆδ) (1 — dê’) 
(1 — da*) (1 — d’at) (1 — dat) (1 — à). 


Numerator : 


à δὶ à? o? δ΄ δῦ 6° δὲ δ; à? δ΄ δῦ δύ | δ᾽ 
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Table of Groundforms *. 


Order in Deg. in coeff's of Order in | Deg. in | Deg. in coeff's of 
the 1st quartic. the coeft’s of 1st quartic. 
Variables. Variables. | 2d quartic. 


14,4 
agg 
=> 
Ju we 1 
M 


The following table exhibits the total numbers of groundforms; the 
quantiestthemselves and the absolute constant are included in the numbers. 


Order of Quantic. 


Order of Quantic. 


* The forms of ord. 4, deg. 2, 2, and of ord. 6, deg. 2, 2, given by Gordan, do not appear in 
this table, and have been proved by the author to be compound forms. [See below, p. 409.] 

T Some remarks on the preceding tables (to save delay in going to press) have been made the 
subject of a separate article in this number. [ρ. 406, below.] 
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REMARKS ON THE TABLES FOR BINARY QUANTICS. 


The valuable idea of using different roman letters, a, b, c, d, to correspond 
to the coefficients of quantics of different orders, is due to Mr Franklin. Had 
it occurred previously I should have employed it in the tables of the generating 
functions and groundforms of single quantics. The nth letter of the alphabet, 
say 0, will in this way symbolize the (n +1) coefficients 0), θι, Oz, ... On and 
so ὦ regarded as a new point of departure in the alphabet will symbolize 
Ως, 0. 


I pass on to a remark of greater importance referring to the separation 
of the Parallelopiped which may be imagined to represent the complete 
tabulation of the representative G.F. to a system of two simultaneous quantics, 
and its use in simplifying the process of tamisage. 


To fix the ideas, let us take the case of a Cubic and Quartic. Then, to 
represent the collected signification of the rectangles at pp. [400, 401, above]*, 
we may suppose a parallelopiped 12 inches in length, 17 in breadth, and 11 in 
depth, 12, 17, 11 being the highest exponents which appear in such rectangles 
of d, c, α, respectively, and confine our attention to the sign proper to each of 
the 12.17.11 cubical spaces (inch cubes) which may be either + or — or 
vacancy, if sign that may be called where sign is none. We may, if we please, 
imagine these cubes or cells to be filled with positive, negative or neutral 
electricity. 


According to the chorographical law (foot-note, p. [310, above]), it ought 
to and would be found that the occupied portions of this parallelopiped 
would separate into a certain number of distinct blocks of positive and 
negative signs. Let us limit our attention to the first of these blocksT. 
The tamisage, according to the principle laid down in the remarks at 
the end of the preceding paper, may be limited to this block, although, 
as à matter of fact (and for greater assurance) in deducing the tables of 


* The vacant lines and columns suppressed in the rectangular tables referred to, are supposed 
to be supplied. 

+ Planes passing through that angle of the parallelopiped at which is situated the absolute 
constant, may be termed the planes of reference. 

In order to determine whether or not a given space or cell (as we may term it) belongs to the 
first block, the following is the rule to be observed : (1) If its sign is negative, it is to be rejected. 
(2) If three lines be drawn through its centre parallel to the edges of the parallelopiped towards 
the planes of reference, and any of these passes through a negative cell, it is to be rejected. 
(8) In every other case, the cell (or term which occupies it) forms a part of the primary block. 
So to obtain the second block required for determining the syzygants of the first species, (and 
notice that under a general point of view groundforms may be regarded as syzygants of species 
zero or on the other hand and preferably syzygants of the ith may be regarded as groundforms 
of the (i -- 1)th species) we may take any negative cell such that the three lines drawn through it 
parallel to the edges and towards the plane of reference shall not pass through any positive one. 
The ensemble of such constitute the second block. Then for the third block we may take the 
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groundforms, it was actually applied to all the positive terms in the 11 
rectangles. 


An inspection of the rectangle affected with 4? and a’, p. [401, above] 
will show that they may be omitted as forming no part of the first positive 
block. In the rectangle affected with æ, it will be found that the only 
terms subject to examination, that is, the only terms with positive coefficients 
which are not preceded vertically or horizontally by terms with negative 


coefficients, are 
2c'd‘a® ZOA 
2cd'4 Jeda 2ο 
eda? 20d? 
Calling any one of these terms kc^d"a?, it will be found, on examining the 
preceding rectangles, that c^d^ occurs in one or more of them affected 
with a negative numerical coefficient. Consequently, these terms do not 


belong to the primary block, and, in like manner, it will be found that the 
rectangles subsequent to a? form no part of it. 


The tamisage may therefore be confined to the rectangles belonging to 
x, αἱ, x, a, a^, a5, x and the only terms to be retained will be seen to be 
those exhibited in the following table: 


ensemble of positive cells not included in the first block and such that the lines through any one 
of them drawn as before shall not pass through a negative cell, and so on until all the cells are 
distributed into their respective blocks. 

It may not be out of place to observe here that groundforms and syzygants may be regarded 
as existences and privations of existence, and the Fundamental Postulate so often previously 
quoted (on which the legitimacy of tamisage depends) is analogous to the asertion that free 
electricities of the two kinds cannot coexist at the same time at the same point of a body. Are 
there not some phenomena in electricity (certain visible effects at the poles of an electrical 
machine or at the extremities of the electric arc) which seem to indicate that the two electricities, 
although mutually quelling, are not absolutely antithetical in the sense that they might be 
reversed throughout an environment without any change of effect of any kind resulting? Unless 
this is true the analogy of the relation of Groundforms and Syzygants to Positive and Negative 
Electricity halts on one foot. But if it be true we may perhaps see foreshadowed in the con- 
stitution of the generating function, the possibility of physical research hereafter bringing to 
light residual phenomena in which freer and rarer kinds of positive and negative electricity in 
succession will make their appearance. 

Their supposed possible prototypes as yet, play no part in any developed algebraieal theory, 
and indeed the consciousness of only a few algebraists is as yet fully awakened to a sense of their 
existence. If to any one the idea of physical being foreshadowed in algebraical laws should 
appear extravagant and visionary, let him reflect on the certain fact that the conception of 
chemical units as molecules composed of atoms and of the new theory of atomicity or valence in 
each essential particular might have been safely inferred as a possible hypothesis, from the 
ascertained laws of the constitution and mutual actions upon one another of invariantive forms. 
If we only allow that the so-called laws of nature have their origin in reason and are not merely 
arbitrary or fiat laws, we can very well understand how an unfailing parallelism should exist 
between the phenomena of the outer world and those phenomena of the pure intelligence with 
which algebraical science is concerned. 
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cd! 9304: — Acts cid? 
cd — 3c'd? 204" οδᾶ» 
cda: cda 
2c8ds 98904 Wide cde 
Cdx 2da «ὁσαα οσα  cd'w cd 
9044; οσα O9edu Pd 
2c'da?  4c'd?a? boda  Sc'd'a? σα" 
cda? cda? οὐϑο 

C? οσα Seda bo6duw Soda dia 
eda  9cd*'w* Soda οὐσία! 
eda? οὐ 
dèa’ 


Thus, it is evident at a glance that the highest order in the variables, 
the highest degrees in the cubic and quartic coefficients respectively, of any 
groundform, are 6, 4 and 5 respectively. Prior to all tamisage, 6, 4, 5 are 
seen to be superior limits to such order and degrees, because no powers of 
æ, d, c figure among the above terms higher than 6, 4, 5, and a slight 
examination shows that some terms, containing 2^, d‘, ο, survive the operation 
of the tamisage. 


The number of types submitted to tamisage, it will be seen, is 45, as 
previously stated. 


The number of forms contained under these types is 83. 


The number of types absolutely abolished by the operation is 10, bringing 
down the number to 35; and the reduction in the total number of forms is 
33, bringing down the number to 603, 


These remarks have reference solely to the groundforms represented by the 
numerator of the Generating Function. The denominator yields 11 ground- 
forms, thus raising the total number to 61, which is the right number 
when the absolute constant is not counted in as the representative of an 
invariant T. 

Possibly, when I may be again able to secure the services of Mr Franklin, 
without whose intelligent cooperation I believe it would have been impracti- 
cable for me to have caleulated the tables contained in this and the preceding 


* There is every reason to believe that a calculating machine might be constructed without 
difficulty for performing mechanically the process of tamisage whether simple (involving only a 
single variable) as for invariants of single forms or compound (involving several variables) as for 
covariants or invariants of systems. 

t It should be noticed that some of the entries in the Table of Groundforms, p. [402], are made 
up partly from the numerator and partly from the denominator, as for example the number 3 in 
the column headed 3 and in the line marked 4 for the order 0, is made up partly of the 2 in the 
surviving term 2d?c* of the numerator and partly of a unit taken from the term 1 — d?c* of the 
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number of the Journal, I shall be able to extend the limit to the order of the 
combined quanties. At all events, the labour of forming the tables of the 
combinations of 1, 2, 3, 4, 5, 6 with 6, would probably not exceed the amount 
which has been incurred in calculating the groundforms of a single quantic 
of the 9th order. The references to the Comptes Rendus made in the foot- 
notes are to Vol. LXXXIV. lier semestre for 1877, p. 1285, for the disproof of 
the existence of the two forms given in the accepted tables belonging to a 
system of two binary quartics*; to Vol. LXXXVII. 2me semestre for 1878, 
p. 445, and again p. 477, for the disproof of the existence of the three 
accepted superfluous forms for a system of a binary cubic and quartic t, and 
to Vol. LXXXIX. 2me semestre for 1879, p. 828, for the disproof of the 
existence of the two superfluous accepted forms belonging to the system of 
two binary cubics{. The proof of the Fundamental Theorem is given as a 
Postscriptum in a paper in Borchardts Journal “Sur les actions mutuelles 
des formes invariantives," 1878 [p. 232, above], and in a paper entitled * Proof 
of the hitherto undemonstrated fundamental theorem for Invariants," in the 
Philosophical Magazine for the same year, 1878 [p. 117, above]. 


The term Reduced Generating Function being apt to lead to the erroneous 
impression that it is obtained by reducing the representative one, whereas 
the representative is in fact obtained from the reduced G. F. by multiplication 
of its numerator and denominator by a common factor, it may be well to 
explain that I use the appellation reduced with reference to the crude form 
of the generating function, the former representing that branch, or the totality 
of those branches, in the development of the crude form which contain no 
negative powers of ὦ. 


I add a few words respecting differentiants which are simply such sym- 
metrical functions of the roots as are complete functions of the differences of 
the roots of the form or system of forms to which the several tables refer. 


In the G. F. for differentiants for a single quantic, the coefficient of a? 
represents the total number of linearly independent differentiants of the 
degree j belonging to a quantic of the order 7; that is, the total number of 
covariants of the degree } in the coefficients and of all orders in the variables, 
belonging to that quantic. The G. F. for differentiants can therefore be 
obtained from the G. F. for covariants (although not in its simplest form) by 
putting z—1 in the latter. In like manner, for a system of quantics, the 


denominator. It is an erroneous and misleading expression into which invariantists (myself 
included) have fallen of speaking of a definite number, say v, of groundforms of a certain type. 
The true idea is that of an unique form of that type with ν parameters. It is, so to say, a single 
form of the vth degree of plasticity or deformability or of » dimensions in the sense in which we 
Speak of the dimensions of space. I mean that an elastic string, an india-rubber disk and an 
india-rubber ball may be regarded as symbols of a groundform with one, two and three parameters 
respectively. 

[* p. 63, above.] [F pp. 132, 136, above.] [t p. 258, above.] 
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G. F. for differentiants (or to speak more precisely, its algebraical equivalent) 
can be obtained from the G. F. for covariants by putting #=1. 


To obtain the G. F. for differentiants for a single form without previously 
having the G. F. for covariants, we may make use of the fact that the sum of 
the quantities 

(w: $,3) —(w —1: $, )* 
for all admissible values of w is equal to the value of (w: 7, 7) for the highest 
admissible value of w. Now the order corresponding to the highest weight 
is 0 or 1+; hence the number of differentiants of the degree j belonging to a 
quantic of the order is the coefficient of aa? or of ajat (according as 7) is even 
or odd) in the development of 
1 
(1—aa*) (1 — aa)... (1 — aa) (1 — aa)’ 


The generating function for differentiants is therefore the sum of the 
multipliers of 4^ and a in the development of the above fraction. (When 
the quantic is of even order, æ does not appear in the development, and 
the G. F. for differentiants is simply the part independent of z in the 
development.) 


In like manner, for a system of two quantics, the G. F. for differentiants 
is the sum of the multipliers of # and 2! in the development of 


1 
(1 — aa") (1 — aa*7?) ... (1 — aa) (1 — aa") (1 — ae’)... (1 — aa)’ 
And we may proceed in an analogous manner when a system of forms is in 
question. I need hardly add that a differentiant in respect to either variable, 
say x, is only another name for any rational integral function of the coefficients 
of a quantic which, when the coefficient of the highest power of the selected 
variable (z) in the quantie is made equal-to unity, becomes a function of 


the differences of its ^ roots. Gordan’s and Jordan's results concerning 


symbolical determinants are correlative and coextensive with theorems 
concerning root-differences, so that the method of differentiants when fully 
developed would lead to the substitution of actual differences or deter- 
minants for symbolical determinants in the Gordan theory, it being borne 
in mind that to determine the ground-covariants of a quanti¢ or quantic 
system is the same question as that of determining its ground-differentiants, 
inasmuch as to every covariant corresponds a single differentiant, and vice 
versa. 

* w is the weight of any covariant, j its degree in the coefficients and i the order of the 
quantic in the variables ; and (w: i, j) denotes the number of modes of composing w with j of the 
elements 0, 1, 2, 3, ... i or vice versá with i of the elements 0, 1, 2, 3, ... j each any number of 
times repeated. 

+ If e is the order of the covariant in the variables 2w— ij - e. 
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